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HOMOTOPY-THEORETICALLY ENRICHED CATEGORIES
OF NONCOMMUTATIVE MOTIVES
JACK MORAVA
Abstract. Waldhausen’s K-theory of the sphere spectrum (closely re-
lated to the algebraic K-theory of the integers) is naturally augmented
as an S0-algebra, and so has a Koszul dual. Classic work of Deligne and
Goncharov implies an identification of the rationalization of this (covari-
ant) dual with the Hopf algebra of functions on the motivic group for
their category of mixed Tate motives over Z. This paper argues that
the rationalizations of categories of non-commutative motives defined
recently by Blumberg, Gepner, and Tabuada consequently have natural
enrichments, with morphism objects in the derived category of mixed
Tate motives over Z. We suggest that homotopic descent theory lifts
this structure to define a category of motives defined not over Z but
over the sphere ring-spectrum S0.
1. Introduction
1.1 Building on earlier work going back at least three decades [26] Deligne
and Goncharov have defined a Q-linear Abelian rigid tensor category of
mixed Tate motives over the integers of a number field: in particular, the
category MTQ(Z) of such motives over the rational integers. Its generators
are tensor powers Q(n) = Q(1)⊗n of a Tate object Q(1), inverse to the
Lefschetz hyperplane motive (which can be regarded as a degree two shift
of the complex
0→ P1 → P0 → 0
in Voevodsky’s derived category). We argue here that these objects are
analogous to the (even-dimensional) cells of stable homotopy theory: in
that, for example, the image
Pn = Q(0)⊕ · · · ⊕Q(−n)
of projective space in this category splits as a sum of terms resembling
Lefschetz’s hyperplane sections.
Deligne and Goncharov’s definition [27 §1.6] depends on the validity of the
Beilinson-Soule´ vanishing conjecture for number fields, which implies that
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their category MTQ(Z) can be characterized by a very simple spectral se-
quence with E2-term
Ext∗MT(Q(0),Q(n))⇒ K(Z)2n−∗ ⊗Q
equal to zero if ∗ > 1 or when ∗ = 0, n 6= 0. Borel’s theory of regulators
[19, 29] identifies the nonvanishing groups
K4k+1(Z)⊗Q ⊂ R
with the subgroup of rational multiples of the conjecturally transcendental
values ζ(1 + 2k) of the Riemann zeta function at odd positive integers.
To a homotopy theorist, this is strikingly reminiscent of Atiyah’s interpre-
tation of Adams’ work on Whitehead’s homomorphism
Jn−1 : KOn(∗) = πn−1O→ lim
m→∞
πm+n−1(S
m) = πSn−1(∗) ,
ie the effect on homotopy groups of the monoid map
O = lim
m→∞
O(m)→ lim
m→∞
Ωm−1Sm−1 := Q(S0) .
The image of a Bott generator
KO4k(∗) ∼= Z→ image J4k−1 ∼= (
1
2ζ(1− 2k) · Z)/Z ⊂ Q/Z
under this homomorphism can be identified with the (rational) value of the
zeta function at an odd negative integer.
[Here is a quick sketch of this argument: A stable real vector bundle over
S4k is classified by its equatorial twist
α˜ : S4k−1
α // O // Q(S0) ,
which defines a stable cofibration
S4k−1
α˜ // S0 // Cof α˜ // S4k // . . . .
Adams’ e-invariant is the class of the resulting sequence
0 // KO(S4k) // KO(Cof α˜) // KO(S0) // 0
in a group
Ext1Adams(KO(S
0),KO(S4k))
of extensions of modules over the stable KO-cohomology operations. [KO is
contravariant, while motives are covariant, makingKO of a sphere analogous
to a Tate object.] After profinite completion [4] these cohomology operations
become an action of the group Ẑ× of units in the profinite integers - in fact
the action, through its abelianization, of the absolute Galois group of Q - and
the resulting group of extensions can be calculated in terms of generalized
Galois cohomology as
Ext1
Ẑ×
(Ẑ(0), Ẑ(2k)) ∼= H1c (Ẑ
×, Ẑ(2k))
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(where u ∈ Ẑ× acts on Ẑ(n) as multiplication by un). At an odd prime p,
H1c (Ẑ
×
p , Ẑp(2k)) is zero unless 2k = (p − 1)k0, when the group is cyclic of
p-order νp(k0) + 1. By congruences of von Staudt and Clausen, this is the
p-ordert of the Bernoulli quotient
B2k
2k
∈ Q/Z ;
a global argument over Q (ie using the Chern character [1 §7.1b]) refines
this to a homomorphism
H1c (Ẑ
×, Ẑ(2k))→ Q/Z
which sends a generator of KO(S4k) to the class of 12ζ(1− 2k). See also [26
§3.5].]
1.2 This paper proposes an analog of the theory of mixed Tate motives in
the world of stable homotopy theory, based on Bo¨kstedt’s theorem [[16], or
more recently [14]] that the morphism
K(S0)→ K(Z)
of ring-spectra (induced by the Hurewicz morphism
[1 : S0 → HZ] ∈ H0(S0,Z) )
becomes an isomorphism after tensoring with Q. At this point, odd zeta-
values enter differential topology [43]. To be more precise, we argue that
(unlike K(Z)), K(S0) is naturally augmented as a ring-spectrum over S0,
via the Dennis trace
trD : K(S
0)→ THH(S0) ∼ S0
[70]. Current work [38, 64] on descent in homotopy theory suggests the
category of comodule spectra over the covariant Koszul dual
S0 ∧LK(S0) S
0 := K(S0)†
of K(S0) (or perhaps more conventionally, the category of module spectra
over
RHomK(S0)(S
0, S0) )
as a natural candidate for a homotopy-theoretic analog of MTQ(Z). This
paper attempts to make this plausible after tensoring K(S0) with the
rational field Q.
1.3 Organization Koszul duality is a central concern of this paper; in its
most classical form, it relates (graded) exterior and symmetric Hopf alge-
bras. The first section below observes that the Hopf algebra of quasisymmetric
functions is similarly related to a certain odd-degree square-zero aug-
mented algebra. Stating this precisely (ie over Z) requires comparison of
the classical shuffle product [31 Ch II] with the less familiar quasi-shuffle
product [40, 50]. I am especially indebted to Andrew Baker and Birgit
Richter for explaining this to me.
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The next section defines topologically motivated generators (quite different
from those of Borel) for K∗(S
0)⊗Q. Work of Hatcher [36 §6.4], Waldhausen
[69], and Bo¨kstedt on pseudo-isotopy theory has been refined by Rognes [63]
to construct an infinite-loop map
ω : B(F/O)→Wh(∗) (⊂ K(S0))
(F being the monoid of homotopy self-equivalences of the stable sphere)
which is a rational equivalence. This leads to the definition of a homotopy
equivalence
w : (S0 ∨ ΣkO)⊗Q→ K(S0)⊗Q
of ring-spectra, with a square-zero extension of the rational sphere spectrum
on the left, which can then be compared with Borel’s calculations. Some of
the work of Deligne and Goncharov is then summarized to construct a lift
of this rational isomorphism to an equivalence between the algebra HGT ∗
MT
of functions on the motivic group of the Tannakian category MTQ(Z) and
the covariant Koszul dual K(S0)†∗ ⊗Q.
The final section is devoted to applications: in particular to the ‘decate-
gorification’ [18, 49 §4] of two-categories of ‘big’ (noncommutative) motives
constructed by Blumberg, Gepner, and Tabuada [10, 11], and to work of
Kitchloo [46] on categories of symplectic analogs of motives. The objects in
the categories of ‘big’ motives are themselves small stable∞-categories, with
stable ∞-categories of suitably exact functors between them as morphism
objects. The (Waldhausen) K-theory spectra of these morphism categories
define new categories enriched over the homotopy category of K(S0)-module
spectra [11 Corollary 4.13], having the original small stable categories as ob-
jects.
‘Rationalizing’ (tensoring the morphism objects in these homotopy cate-
gories with Q) defines categories enriched over K∗(S
0)⊗Q-modules, to which
the Koszul duality machinery developed here can be applied. Under suitable
finiteness hypotheses, this constructs categories of noncommutative motives
enriched over the derived category Db(MTQ(Z) of classical mixed Tate mo-
tives.
Acknowledgements: I am deeply indebted to Andrew Blumberg, Kathryn
Hess, and Nitu Kitchloo for help and ecouragement in the early stages of
this work; and to Andrew Baker, Birgit Richter, and John Rognes for their
advice and intervention in its later stages. Thanks to all of them – and to
some very perceptive and helpful referees – for their interest and patience.
The mistakes, misunderstandings, and oversimplifications below are my re-
sponsibility.
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2. Quasisymmetric functions and Koszul duality
2.1 The fudamental example underlying this paper could well have appeared
in Tate’s 1957 work [68] on the homology of local rings; but as far as I know
it is not in the literature, so I will begin with it: Let E∗ := E∗[e2k+1 | k ≥ 0]
be the primitively generated graded-commutative Hopf algebra over Z with
one generator in each odd degree, and let
φE : E∗ → E∗/E+ = Z
be the quotient by its ideal E+ of positive-degree elements; then
TorE∗ (Z,Z)
∼= P [x2(k+1) | k ≥ 0] (:= Symm∗)
is a graded-commutative Hopf algebra with one generator in each even de-
gree, canonically isomorphic to the classical algebra of symmetric functions
with coproduct
∆x(t) = x(t)⊗ x(t)
(x(t) =
∑
k≥0 x2kt
k, x0 := 1).
This is an instance of a very general principle: if A∗ → k is an augmented
commutative graded algebra (assuming for simplicity that k is a field), then
k ⊗LA∗ k = Tor
A
∗ (k, k) := A
†
∗
is an augmented, graded-commutative Hopf algebra, with
Ext∗A(k, k) := RHom
∗
A(k, k)
as its graded dual [22 XVI §6]. More generally,
(A−Mod) ∋M 7→ TorA∗ (M,k) :=M
†
∗
extends this construction to a functor taking values in a category of graded
A†∗-comodules. This fascinated John Moore [41, 60], and its implications
have become quite important in representation theory [7, 8]; more recently,
the whole subject has been vastly generalized by the work of Lurie.
2.2.1 For our purposes it is the quotient
ϕE˜ : E∗ → E∗/(E+)
2 := E˜∗
of the exterior algebra above, by the ideal generated by products of positive-
degree elements, which is relevant. This quotient is the square-zero extension
E˜∗ = Z⊕ E˜+ = Z⊕ {e2k+1 | k ≥ 0}
of Z by a graded module with one generator in each odd degree.
Proposition: After tensoring with Q, the induced homomorphism
ϕE˜∗ : Tor
E
∗ (Z,Z)
∼= Symm∗ → Tor
E˜
∗ (Z,Z)
∼= QSymm∗
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of Hopf algebras is the inclusion of the graded algebra of rational symmetric
functions into the algebra of rational quasi-symmetric functions, given the
classical shuffle product .
Proof: In this case the classical bar resolution
B∗(E˜/Z) = E˜∗ ⊗Z (⊕n≥0E˜+[1]
⊗n)⊗Z Z
(of Z as an E˜∗-module [55 Ch X §2.3, 31 Ch II, 24 §2]) is, apart from the
left-hand term, just the tensor algebra of the graded module E˜+[1] (obtained
from E˜+ by shifting the degrees of its generators up by one), with algebra
structure defined by the shuffle product; but I will defer discussing that till
§2.3 below. Since E˜∗ is a DGA with trivial differential and trivial product,
the homology TorE˜∗ (Z,Z) of the complex
Z⊗
E˜
B∗(E˜/Z) = ⊕n≥0(E˜+[1])
⊗n
with its resulting trivial differential is the algebraQSymm∗ on E˜+[1]. [Tate,
by the way, worked with a commutative noetherian local ring
φA : A→ B = A/mA = k
and studied TorA∗ (k, k), though not as a Hopf algebra; but in his calculations
he used what is visibly the resolution above.]
Remark: In fact under very general conditions [38 §3.1, 39 §6.12] the bar
construction associates to a morphism ϕ : A→ B of suitable monoid objects,
a pullback functor
Lϕ∗ :M∗ 7→M∗ ⊗A B∗(A/B) ∼=M∗ ⊗
L
A B
from some (simplicial or derived) category of modules over Spec A to a
similar category of modules over Spec B, cf §2.4 below. Here B∗(A/B) is
a resolution of B as an A-module, corresponding to B(A,B,A) in [32 Prop
7.5], cf also [31, 53, . . . ]. In the example above, regarding E∗ as a DGA
with trivial differential, we obtain a covariant functor from the bounded
derived category of E∗-modules to the bounded derived category of graded
modules with a coaction of the classical Hopf algebra of symmetric functions.
However, the algebra of symmetric functions is canonically self-dual over Z
[54 I §4]) and we can interpret this derived pullback as a functor to the
bounded derived category of modules over the dual symmetric algebra.
2.2.2 In this paper I will follow K Hess [38 §2.2.23 - 2.2.28]: a morphism
ϕ : A→ B
of monoids in a suitable (eg simplicially enriched [38 §3.16, §5.3]) category
of modules (perhaps over a differential graded algebra or a ring-spectrum)
defines an A-bimodule bialgebra
B ∧LA B := W (ϕ)
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(analogous to an algebraic topologist’s Hopf algebroid, though in general
without antipode). In her framework the construction above is a descent
functor: its target has a natural (‘Tannakian’) enrichment [37 §5.3, 43] or
lift Lϕ† to a category of B-modules with compatible coaction by the descent
coring W (ϕ). Lurie’s work (eg [52 §7.13], [53 §5.2.2 - 5.2.3]) provides the
natural context for such constructions.
2.2.3 Completing the argument requires clarifying relations between the
shuffle product and the quasi-shuffle or ‘stuffle’ product . A shuffle of
a pair r, s ≥ 1 of integers is a partition of the set {1, . . . , r+ s} into disjoint
subsets a1 < · · · < ar and b1 < · · · < bs; such a shuffle defines a permutation
σ(1, . . . , r + s) = (a1, · · · , ar, b1, . . . , bs) .
The shuffle product on the tensor algebra T •(V ) of a module V is defined
by
v1 · · · vr vr+1 · · · vr+s =
∑
vσ(1) · · · vσ(r+s) ,
with the sum taken over all shuffles of (r, s). The deconcatenation coproduct
∆ : T •(V )→ T •(V )⊗ T •(V )
sends v1 · · · vr to the sum
v1 · · · vr ⊗ 1 +
∑
1<i<r
v1 · · · vi ⊗ vi+1 · · · vr + 1⊗ v1 · · · vr .
The algebra T •(V ), with this (commutative but not cocommutative) Hopf
structure, is sometimes called the cotensor (Hopf) algebra of V . The shuffle
product is characterized by the identity
(v · x) (w · y) = v · (x (w · y)) + w · ((v · x) y) ,
where v,w ∈ V and x, y ∈ T •(V ). I will write QSymm∗ for the Hopf
algebra TorE˜∗ (Z,Z) of §2.2.1, with as product.
The closely related Hopf algebra QSymm∗ of quasi-symmetric functions over
Z, with the quasi-shuffle product , is perhaps most efficiently defined as
dual to the free graded associative Hopf algebra
NSymm∗ := Z〈Z2(k+1) | k ≥ 0〉
of noncommutative symmetric functions [6, 22 §4.1.F, 36], with coproduct
∆Z(t) = Z(t)⊗ Z(t)
(Z(t) =
∑
k≥0 Z2kt
k, Z0 = 1).
More generally, if (V, ⋆) is a (graded) commutative algebra, the quasi-shuffle
[or overlapping shuffle, or stuffle] product on T •(V ) is a deformation [40
§6] of the shuffle product characterized by the identity
(v · x) (w · y) = v · (x (w · y)) + w · ((v · x) y) + (v ⋆ w) · (x y) .
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In particular, if we define an algebra structure on the graded vector space
spanned by classes fi dual to the Zi’s by fi ⋆ fj = fi+j, we recover the
quasi-shuffle product on the dual of NSymm∗.
The Lie algebra of primitives in NSymm∗ is generated by the analogs of
Newton’s power functions [23 §4.1.F], and map under abelianization to the
classical power function primitives in Symm∗; dualizing yields a morphism
of Symm∗ to QSymm∗, which rationalizes to the asserted inclusion. 
2.3 Remarks
i) The applications below will be based on a variant of E˜∗ defined by gen-
erators in degree 4k + 1, k ≥ 0, rather than 2k + 1. The corresponding free
Lie algebras will then have generators in (homological) degree −2(2k + 1).
This doubling of topological degree relative to motivic weight is a familiar
consequence of differing conventions.
ii) Hoffman [40 Theorem 2.5] constructs an isomorphism
exp : QSymm∗ ⊗Q→ QSymm∗ ⊗Q
of graded Hopf algebras over the rationals, taking to ; so over Q we
can think of the morphism defined by the proposition as the inclusion of the
symmetric functions in the quasiymmetric functions with the quasishuffle
product.
iii) The rationalization NSymm∗ ⊗ Q is the (primitively generated) univer-
sal enveloping algebra U(f∗) of the free Lie algebra f∗ generated by the Z’s
over Q. By Poincare´-Birkhoff-Witt its modules can be regarded as repre-
sentations of a pro-unipotent groupscheme G0(f
∗) over Q, or equivalently
as comodules over the Hopf algebra QSymm∗ ⊗ Q of algebraic functions
on that pro-unipotent group. If we interpret graded modules as represen-
tations of the multiplicative groupscheme in the usual way [[3 §3.2.7], see
also [8 §1.1.2]] then we can regard these modules as representations of a
proalgebraic groupscheme
1→ G0(f
∗)→ G(f∗) := Gm ⋉ G0(f
∗)→ Gm → 1 .
In a very helpful appendix, Deligne and Goncharov [27 §A.15] characterize
representations of G(f∗) as graded f∗-modules, such that (if Q(n) denotes a
copy of Q in degree n)
Ext1Rep(G(f∗))(Q(0),Q(n)) = (f
n
ab)
∨ .
This is explained in more detail in [35 §8]; we will return to this description
below.
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iv) The rational stable homotopy category is equivalent to the derived cate-
gory of rational vector spaces, and the homotopy category of rational ring-
spectra is equivalent to the homotopy category of DGAs: the Hurewicz map
[S∗,XQ] ∼= π
S
∗ (X) ⊗Q→ H∗(X,Q)
is an isomorphism. This leads to a convenient abuse of notation which
may not distinguish the rationalization XQ of a spectrum from its homology
(or its homotopy). For example, the rational de Rham algebra of forms
on a reasonable space is a good model for the rational Spanier-Whitehead
commutative ringspectrum [X,S0Q].
2.4 Finite-dimensional graded modules over a field k have a good duality
functor
V∗ 7→ Homk(V∗, k) = (V
∗)∨ ,
and a great deal of work on the homological algebra of augmented algebras
φ : A→ k (and their generalizations) is formulated in terms of constructions
generalizing
M∗ → Homk(M∗⊗AB∗(A/k), k) ∼= HomA(M∗,B
∗(A/k)∨) := RHomA(M∗, k) ,
where B∗(A/k)∨ is now essentially a cobar construction. This is the classical
contravariant Koszul duality functor: see [12, 21, 30 §4.22] for recent work
in the context of modules over ring spectra.
In this paper, however, we work instead [following [34, 60] with the covariant
functor M∗ 7→ M
†
∗ defined as in §2.2.2, but regarded as mapping modules
over an augmented algebra A to comodules over a coaugmented coalgebra
A†. In particular, in the case of our main example (over Q) Hess’s hypotheses
[38 §5.3] are statisfied, and we have the
Corollary: The Hess-Koszul-Moore functor
Lϕ†
E˜
: Db(E˜∗ ⊗Q−Mod)→ Db(QSymm∗ ⊗Q− Comod)
is an equivalence of symmetric monoidal categories.
Proof: The point is that, in the context of graded commutative augmented
algebras A over a field k, the functor Lϕ∗ is monoidal, in the sense that
Lϕ∗(M0)⊗k Lϕ
∗(M1) := (M0 ⊗A B(A/k)) ⊗k k ⊗k (M1 ⊗A B(A/k)) ⊗k k
is homotopy-equivalent to
Lϕ(M0 ⊗AM1) := ((M0 ⊗AM1)⊗A B(A/k)) ⊗k k
via the morphism
(M0 ⊗A B(A/k)) ⊗k M1 →M0 ⊗AM1
induced by the homotopy equivalence of B(A/k) with k as an A-module.
This then lifts to an equivalence Lϕ† of comodules, cf [58, 68]. 
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In the terminology of §2.2.3iii, the composition
PBW ◦ exp∗ ◦Lϕ†
E˜
:= LΦ†
E˜
thus defines an equivalence of the derived category of E˜∗ ⊗Q-modules with
the derived category of G(f∗)-representations. A similar argument identifies
the bounded derived category of modules over E∗ ⊗ Q with the bounded
derived category of representations of the graded abelianization G(f∗ab) of
G(f∗): in other words, of graded modules over Symm∗ ⊗Q.
Remarks The quite elementary results above were inspired by groundbreak-
ing work of Baker and Richter [6], who showed that the integral cohomology
of ΩΣCP∞+ is isomorphic to QSymm
∗ as a Hopf algebra. Indeed, the E2-term
TorH
∗(Z)(H∗(X),H∗(Y ))⇒ H∗(X ×Z Y )
of the Eilenberg-Moore spectral sequence for the fiber product
ΩΣCP∞+

// PΣCP∞+

∗ // ΣCP∞+
is the homology of the bar construction on the algebra H∗(ΣCP∞+ ), which is
a square-zero extension of Z. The spectral sequence collapses for dimensional
reasons, but has nontrivial multiplicative extensions (connected to the fact
that H∗(CP∞) is polynomial (cf §2.2.2, [5, 50]).
In view of Proposition 3.2.1 below, Proposition 2.2.1 can be rephrased as
the algebraically similar assertion that the Ku¨nneth spectral sequence [32
IV §4.1]
TorH∗(K(S
0),Q)(H∗(S
0,Q),H∗(S
0,Q))⇒ H∗(K(S
0)†,Q)
for ring-spectra collapses. In this case the algebra structure onH∗(K(S
0),Q)
is trivial, resulting in the shuffle algebra QSymm∗. Note that although
these spectral sequences look algebraically similar, one is concentrated in
positive, the other in negative, degrees. If or how they might be related, eg
via the cyclotomic trace (cf §4.1), seems quite mysterious to the author.
I am deeply indebted to Baker and Richter for help with this, and with many
other matters. I am similarly indebted to John Rognes for patient attempts
to educate me about the issues in the section following.
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3. Geometric generators for K∗(S
0)⊗Q
3.1 Stable smooth cell bundles are classified by a space (ie simplicial set)
colimn→∞ BDiff(D
n) ,
where Diff(Dn) is the group of diffeomorphisms of the closed n-disk (which
are not required to fix the boundary1). Following [72 §1.2, §6.1], there is a
fibration
HDiff(S
n−1)→ BDiff(Dn)→ BDiff(D0n) ,
where D0n is the open disk, and HDiff(S
n−1) is the simplicial set of smooth
h-cobordisms of a sphere with itself [68]. The homomorphism O(n) →
Diff(D0n) is a homotopy equivalence, while the constructions of [72 §3.2]
define a system
colimn→∞ BHDiff(S
n−1)→Wh(∗) = Ω∞K˜(S0)
of maps to the fiber of the Dennis trace, which becomes a homotopy equiv-
alence in the limit. It follows that the K-theory groups
colimn→∞ π∗BDiff(D
n) := Kcell∗
(of smooth cell bundles over a point) satisfy
Kcelli ⊗Q
∼= Q2 if i = 4k > 0
and are zero for other positive i, cf eg [42 p 7].
The resulting parallel manifestations of classical zeta-values in algebraic ge-
ometry, and in algebraic and differential topology, seem quite remarkable,
and I am arguing here that they have a unified origin in the fibration
ΩWh(∗) // BDiff(D) // BO
with odd negative zeta-values originating in the J-homomorphism to Q(S0)
on the right, and odd positive zeta-values originating in pseudoisotopy the-
ory through K(S0) on the left. The adjoint functors B and Ω account for
the shift of homological dimension by two, from K4k−1(Z) (where ζ(1− 2k)
lives) to K4k+1(Z) (where ζ(1 + 2k) lives).
One can hope that this provocative fact might someday provide a basis for
a theory of smooth motives (conceivably involving the functional equation
of the zeta-function), but at the moment even the multiplicative structure
of Kcell∗ ⊗Q is obscure to me.
3.2.1 Work of Rognes [63], sharpening earlier constructions of Hatcher [36
§6.4], Waldhausen, and Bo¨kstedt, provides geometrically motivated genera-
tors for K(S0)∗ ⊗Q by defining a rational infinite-loop equivalence
w˜ : B(F/O)→Wh(∗) .
1This paper was inspired by Graeme Segal’s description of such objects as ‘blancmanges’
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Here F is the monoid of homotopy self-equivalences of the stable sphere [56];
I’ll write f/O for the spectrum defined by the infinite loopspace F/O. One
of my many debts to this paper’s referees is the construction of a rational
equivalence
(S0 ∨ ΣkO)⊗Q→ (S0 ∨ Σf/O)⊗Q
of ring-spectra (with simple multiplication) via the zigzag
BO = ∗ ×O EO F ×O EOoo // F ×O ∗ = F/O
of maps of infinite loopspaces; together with Rognes’s construction, this
defines an equivalence
w : (S0 ∨ ΣkO)⊗Q→ K(S0)⊗Q
of rational ring-spectra (alternately: of DGAs with trivial differentials and
product structure).
Proposition The resulting homomorphism
w∗ : Q⊕ kO∗[1]⊗Q→ K∗(S
0)⊗Q
presents the rationalization of K(S0) as a square-zero extension of Q by an
ideal
Q{σvk | k ≥ 1}
(|v| = 4) with trivial multiplication.
3.2.2Writing S0[X+] for the suspension spectrum of a space X emphasizes
the similarity of that construction to the free abelian group generated by a
set. The equivalence
MapsSpaces(Ω
∞Z+,Ω
∞Z+) = MapsSpectra(S
0[Ω∞Z+], Z)
sends the identity map on the left to a stabilization morphism
S0[Ω∞Z+]→ Z
of spectra: for example, if Z = ΣkO then Ω∞Z is the Bott space SU/SO,
and the extension
S0[SU/SO+]→ S
0 ∨ ΣkO
of stabilization by the collapse map SU/SO → S0 to a map of ring-spectra
(with the target regarded as a square-zero extension) is the product-killing
quotient
e4k+1 7→ σv
k : H∗(SU/SO,Q) = E(e4k+1 | k ≥ 1)⊗Q→ Q⊕Q{σv
k | k ≥ 1} .
3.2.3 The Ku¨nneth spectral sequence
TorH∗(SU/SO,Q)(H∗(S
0,Q),H∗(S
0,Q))⇒ H∗((S
0[SU/SO+]
†,Q)
[32 IV §4.1] for the rational homology of S0∧LS0[SU/SO
+
]S
0 collapses, yielding
an isomorphism of its target with the algebra of symmetric functions on
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generators of degree 4k + 2, k ≥ 0. It is algebraically isomorphic to the
Rothenberg-Steenrod spectral sequence
TorH∗(SU/SO,Q)(Q,Q))⇒ H∗(Sp/SU,Q) ,
[59 §7.4] for B(SU/SO), allowing us to identify S0Q[Sp/SU+] with the covari-
ant Koszul dual of S0Q[SU/SO+]. The composition
S0Q[Sp/SU+] = (S
0 ∧LS0[SU/SO
+
] S
0)Q →
→ (S0 ∧LS0∨ΣkO S
0)Q → (S
0 ∧K(S0) S
0)Q = K(S
0)†Q
represents the abelianization map
G(f∗)→ G(f∗ab) (= Spec H∗(Sp/SU,Q))
of §2.4 above.
3.2.4 Remarks
1) v2 is twice the Bott periodicity class.
2) The arguments above are based on the equivalence, over the rationals, of
K(S0) and K(Z). In a way this is analogous to the isomorphism between
singular (Betti) and algebraic de Rham (Grothendieck) cohomology of alge-
braic varieties. Nori [48 Theorem 6] formulates the theory of periods in terms
of functions on the torsor of isomorphisms between these theories; from this
point of view zeta-values appear as functions on Spec (K(Z)∗K(S
0)), viewed
as a torsor relating arithemetic geometry to differential topology.
3.3 The Tannakian category of mixed Tate motives over Z constructed by
Deligne and Goncharov is equivalent to the category of linear representations
of the motivic group GTMT of that category (thought to be closely related
to Drinfel’d’s prounipotent version of the Grothendieck-Teichmu¨ller group
[2 §25.9.4; 28; 73 §6.1, Prop 9.1]). At the end of a later paper Goncharov
describes the Hopf algebra HGT∗
MT
) of functions on this motivic group in
some detail: in particular [35 §8.2 Theorem 8.2, §8.4 exp (110)] he identifies
it as the cotensor algebra T •(KQZ), where
KQZ := ⊕n≥1K2n−1(Z)⊗Q
(regarded as a graded module with K2n−1 situated in degree n).
The composition of the pseudo-isotopy map w∗ of §3.2.1 with Waldhausen’s
isomorphism K(S0) ⊗ Q ∼= K(Z)⊗ Q identifies the free graded Lie algebra
on KQZ with the free Lie algebra f∗ of §2.3iii above, yielding an isomorphism
G(f∗)→ GTMT
of proalgebraic groups. Corollary 2.4 then implies the
Theorem The composition
w∗ ◦ LΦ
† : Db(K∗(S
0)⊗Q−Mod)→ Db(GTMT −Mod) ,
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defines an equivalence of the homotopy category of rational K(S0)-module
spectra with the derived category of mixed Tate motives over Z.
4. Some applications
This section discusses some applications of the preceding discussion. The
first paragraph below is essentially an acknowledgement of ignorance about
topological cyclic homology. The second discusses some joint work in progress
[47] with Nitu Kitchloo. The setup and ideas are entirely his; the section
below sketches how Koszul duality seem to fit in with them. I am indebted
to Kitchloo for generously sharing these ideas with me.
The third paragraph summarizes some of the work of Blumberg, Gepner,
and Tabuada mentioned in the Introduction, concerned with a program for
constructing enriched decategorifications of their approach to generalized
motives as small stable ∞-categories.
4.1 Topological cyclic homology [13, 17, . . . ] is a powerful tool for the
study of the algebraic K-theory of spaces, and its role in these matters de-
serves discussion here; but at the moment there are technical obstructions
to telling a coherent story. The current state of the art defines local invari-
ants TC(X;p) for a space at each prime p (closely related to the homotopy
quotient of the suspension of the free loopspace of X), whereas the theory
of mixed Tate motives over integer rings is intrinsically global. For example,
the topological cyclic homology of a point looks much like the p-completion
of an ad hoc geometric model
TCgeo(S0) ∼ S0 ∨ ΣCP∞−1
[9, 57, 62 §3] with
H∗(TC
geo(S0),Z) ∼= Z⊕ Z{σtk | k ≥ −1} .
The (rational) Koszul dual of this object defines a proalgebraic groupscheme
associated to a free graded Lie algebra roughly twice as big as f∗, ie with
generators in topological degree −2k rather than −2(2k + 1). A similar
group appears in work of Connes and Marcolli [25 Prop 5.4] on renormal-
ization theory, and topological cyclic homology is plausibly quite relevant to
that work; but because the global arithmetic properties of topological cyclic
homology are not yet well understood, it seems premature to speculate fur-
ther here; this remark is included only to signal this possible connection to
physics.
4.2 Example: Kitchloo [46] has defined a rigid monoidal category sS with
symplectic manifolds (M,ω) as objects, and stable equivalence classes of
oriented Lagrangian correspondences as morphisms. It has a fiber functor
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which sends such a manifold (endowed with a compatible almost-complex
structure) to a Thom spectrum
sΩ(M) = U/SO(TM )
−ζ
constructed from the U/SO-bundle of Lagrangian structures on its stable
tangent space. An Eilenberg-Moore spectral sequence with
E2 = Tor
H∗(BU)
∗ (H
∗(M),H∗(BSO))
computes H∗(U/SO(TM )), and away from the prime two, the equivariant
Borel cohomology
H∗U/SO(sΩ(M)) := H
∗(sΩ(M)×U/SO E(U/SO))
is naturally isomorphic to H∗(M).
The functor sΩ(−) has many of the formal properties of a homology theory;
for example, when M is a point, sΩ := sΩ(∗) is a ring-spectrum [65], and
sΩ(−) takes values in the category of sΩ-modules. Moreover, when V is
compact oriented, with the usual symplectic structure on its cotangent space,
sΩ(T ∗V ) ∼ [V, sΩ]
[46 §2.6] defines a cobordism theory of Lagrangian maps (in the sense of
Arnol’d) to V .
The composition
sΩ(M)→ sΩ(M) ∧M+ → sΩ(M) ∧B(U/SO)+
(defined by the map M → B(U/SO) which classifies the bundle U/SO(TM )
of Lagrangian frames on M) makes sΩ(M) a comodule over the Hopf spec-
trum
THH(sΩ) ∼= sΩ ∧B(U/SO)+ ∼ sΩ[Sp/U+]
(the analog, in this context, of an action of the abelianization G(f∗ab) [47
§4]). The Hopf algebra counit
[1 : S0Q[U/SO+]→ S
0
Q] ∈ H
0(U/SO,Q)
provides, via the Thom isomorphism, an augmentation
[sΩQ → S
0
Q] ∈ H
∗(sΩ,Q) ∼= H∗(U/SO,Q) .
Proposition The covariant Koszul dual
sΩ(M)†Q := sΩ(M) ∧
L
sΩQ S
0
Q
is a comodule over
S0Q ∧
L
sΩQ
S0Q ∼ S
0
Q ∧
L
S0
Q
[U/SO
+
] S
0
Q ∼ S
0[Sp/U+] ;
by naturality its contravariant Koszul dual
RHomsΩQ(S
0
Q, sΩ
†
Q(M))
∼= sΩQ(M)
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inherits an sΩQ[Sp/U+] - coaction: equivalently, an action of the abelianized
Grothendieck-Teichmu¨ller group G(f∗ab). 
Remarks:
i) It seems likely that this coaction agrees with the THH(sΩ)-coaction de-
scribed above.
ii) If M = T ∗V is a cotangent bundle, we have an isomorphism
sΩ†Q(M)
∼= H∗(V,Q) .
iii) The sketch above is proposed as an analog, in the theory of geomet-
ric quantization, to work [48 §4.6.2, §8.4] of Kontsevich on deformation
quantization. A version of the Grothendieck-Teichmu¨ller group acts on the
Hochschild cohomology
HH∗C(M) := Ext
∗
OM×M
(OM ,OM ) ∼=
⊕
H∗(M,Λ∗TM ))
of a a complex manifold (defined in terms of coherent sheaves of holomorphic
functions onM×M). IfM is Calabi-Yau its tangent and cotangent bundles
can be identified, resulting in an action of the abelianized Grothendieck-
Teichmu¨ller group on the Hodge cohomology of M .
Note that Sp/U ∼ BT × Sp/SU splits. The action on sΩ of the two-
dimensional cohomology class carried by BT does not seem to come from
a K(S0)† coaction, but rather from variation of the symplectic structure.
This may be related to Kontsevich’s remarks (just after Theorems 7 and 9)
about Euler’s constant.
4.3 Example Marshalling the forces of higher category theory, Blumberg,
Gepner, and Tabuada [10] have developed a beautiful approach to the study
of noncommutative motives, defining symmetric monoidal categories M
(there are several interesting variants [10 §6.7, §8.10]) whose objects are
small stable ∞-categories (eg of perfect complexes of quasicoherent sheaves
of modules over a scheme, or of suitably small modules over the Spanier-
Whitehead dual ring-spectrum [X,S0] of a finite complex). The morphism
objects
MorM(A,B)
in these constructions are K-theory spectra of categories of exact functors
between A and B; this defines spectral enrichments over the homotopy cat-
egory of K(S0)-modules [11, Corollary 1.11].
The arguments of this paper imply that covariant Koszul duality, as outlined
above, defines versions of these categories with morphism objects
MorHo(M)(A,B)
†
Q ∈ K(S
0)†Q − Comod
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which, under suitable finiteness conditions, may be regarded as enriched
over Db(MTQ(Z)). They suggest the existence of categories Ho(M)
† with
morphism objects
MorHo(M)(A,B) ∈ K(S
0)† − Comod
which rationalize to the categories described above. This seems to fit well
with recent work [66] on Konsevich’s conjecture on noncommutative motives
over a field [61 §4.4]. The theory of cyclotomic spectra [13] suggests the
existence of related constructions from that point of view, but (as noted in
§4.1) their arithmetic properties are not yet very well-understood.
Recently F Brown, using earlier work of Zagier [74], has shown that the
algebra HGT∗
MT
is isomorphic to a polynomial algebra
Q[ζm(w) | w ∈ Lyndon{2, 3}] := Q[ζm]
of motivic polyzeta values indexed by certain Lyndon words [cf [20 §3 exp
3.6, §8]: working with motivic polyzetas avoids questions of algebraic in-
depence of numerical polyzetas]. This suggests the category Ho(M)†
Q[ζm],
with morphism objects
MorHo(M)(A,B)
†
Q ⊗GTMT Q[ζ
m]
as a convenient ‘untwisted’ Q[ζm]-linear category of noncommutative mo-
tives.
References
1. JF Adams, On the groups J(X). IV. Topology 5 (1966) 21 71.
2. Y Andre´, Une introduction aux motifs, Panoramas et Synthe`ses 17 (2004)
3. M Atiyah, K-theory, Benjamin (1967)
4. —–, D Tall, Group representations, λ-rings and the J-homomorphism, Topology 8
(1969) 253 - 297
5. A Baker, On the cohomology of loop spaces for some Thom spaces, New York J. Math
18 (2012) 59 - 74
6. —–, B Richter, Quasisymmetric functions from a topological point of view, Math.
Scand. 103 (2008) 208 – 242, arXiv:math/0605743; ?
7. A Beilinson, V Ginzburg, V Schechtman, Koszul duality, J. Geom. Phys. 5 (1988) 317
- 350
8. —–, —–, W Soergel, Koszul duality patterns in representation theory. J. Amer. Math.
Soc. 9 473 527
9. H Bergsaker, J Rognes, Homology operations in the topological cyclic homology of a
point, Geom. Topol. 14 (2010) 735 - 772
10. A Blumberg, D Gepner, G Tabuada, A universal characterization of higher algebraic
K-theory, Geom. Topol. 17 (2013) 733 838. arXiv:1001.2282
11. —–, —–, —–,Uniqueness of the multiplicative cyclotomic trace, Adv. Math. 260 (2014)
191 232, arXiv:1103.3923
12. ——, M Mandell, Derived Koszul duality and involutions in the algebraic K-theory of
spaces, J. Topol. 4 (2011) 327 342, arXiv:0912.1670
. ]13 —–, —–, The homotopy theory of cyclotomic spectra, arXiv:1303.1694
18 JACK MORAVA
14. —–, —–, The homotopy groups of the algebraic K-theory of the sphere spectrum
arXiv:1408.0133
15. —–, E Riehl, Homotopical resolutions associated to deformable adjunctions,
arXiv:1208.2844
16. M Bo¨kstedt, The rational homotopy type of ΩWhDiff(∗), in Algebraic topology,
Aarhus 1982 25 - 37, SLN 1051 (1984)
17. ——, G Carlsson, R Cohen, T Goodwillie, Wu-chung Hsiang, I Madsen, On the
algebraic K-theory of simply connected spaces, Duke Math. J. 84 (1996) 541 563.
18. A Bondal, M Larsen, V Lunts, Grothendieck ring of pretriangulated categories, Int.
Math. Res. Not. 2004 (29) 1461- 1495
19. A Borel, Cohomologie de SLn et valeurs de fonctions zeta aux points entiers, Ann.
Scuola Norm. Sup. Pisa 4 (1977) 613636
20. F Brown, Mixed Tate motives over Z, Ann. of Math. 175 (2012) 949 – 976,
arXiv:1102.1312
21. J Campbell, Derived Koszul duality and topological Hochschild homology,
arXiv:1401.5147
22. H Cartan, S Eilenberg, Homological algebra, Princeton
23. P Cartier, A Primer on Hopf algebras, in Frontiers in number theory, physics,
and geometry II 537 615, Springer (2007)
24. KT Chen, Algebras of iterated path integrals and fundamental groups. Trans. AMS
156 (1971) 359 379
25. A. Connes, M. Marcolli, Quantum fields and motives, J. Geom. Phys. 56 (2006) 55
85, hep-th/0409306
26. P Deligne, Le groupe fondamental de la droite projective moins trois points,
in Galois groups over Q 79297, Math. Sci. Res. Inst. Publ. 16, Springer (1989)
27. —–, A Goncharov, Groupes fondamentaux motiviques de Tate mixte, Ann. Sci. cole
Norm. Sup.38 (2005) 1 56, arXiv:math/0302267
28. V Drinfel’d, On quasitriangular quasi-Hopf algebras and on a group that is closely
connected with Gal(Q/Q), Leningrad Math. J. 2 (1991) 829 – 860
29. J Dupont, R Hain, S Zucker, Regulators and characteristic classes of flat bundles, in
The arithmetic and geometry of algebraic cycles 47 92, CRM Proc. Lecture
Notes 24, AMS (2000)
30. W Dwyer, J Greenlees, S. Iyengar, Duality in algebra and topology, Adv. Math. 200
(2006) 357 402, arXiv:math/0510247
31. S Eilenberg, S Mac Lane, On the groups of H(pi,n) I. Ann. of Math. 58 (1953) 55 106
32. A Elmendorf, I Kriz, M Mandell, JP May,Rings, modules, and algebras in stable
homotopy theory, AMS Surveys and Monographs 47 (1997)
33. B Fresse, The bar complex of an E∞ algebra, Adv. Math. 223 (2010) 2049 2096,
arXiv:math/0601085
34. V Ginzburg, M Kapranov, Koszul duality for operads. Duke Math. J. 76 (1994) 203 -
272, arXiv:0709.1228
35. A Goncharov, A. B. Galois symmetries of fundamental groupoids and noncommutative
geometry, Duke Math. J. 128 (2005) 209 284, arXiv:math/0208144
36. A Hatcher, Concordance spaces, higher simple-homotopy theory, and applications, in
Algebraic and geometric topology (Proc. Sympos. Pure Math XXXII Part 1 (3
- 21) AMS (1978)
37. M Hazewinkel. Symmetric functions, noncommutative symmetric functions, and
quasisymmetric functions I [& II . . . ] Acta Appl. Math. 75 (2003) 55 – 83,
arXiv:math/0410468
38. K Hess, A general framework for homotopic descent and codescent, arXiv:1001.1556
39. —–, B Shipley, The homotopy theory of coalgebras over a comonad, Proc. Lond.
Math. Soc. (3) 108 (2014) 484 516, arXiv:1205.3979
HOMOTOPY-THEORETICALLY ENRICHED CATEGORIES OF NONCOMMUTATIVE MOTIVES19
40. M Hoffmann, Quasi-shuffle products, J. Alg. Combin. 11 (2000) 49 – 68,
arXiv:math/9907173
41. D Husemoller, J Moore, J Stasheff, Differential homological algebra and homogeneous
spaces J. Pure Appl. Algebra 5 (1974) 113 185
42. K Igusa, The stability theorem for smooth pseudoisotopies K-Theory 2 (1988)
no. 1-2
43. —–, Higher Franz-Reidemeister torsion, AMS/IP Studies in Advanced Mathe-
matics 31 AMS (2002)
44. I Iwanari, Tannakization in derived algebraic geometry, arXiv:1112.1761
45. B Keller, On differential graded categories, International Congress of Mathematicians.
Vol. II, 151190, Eur. Math. Soc., Zrich, 2006, arXiv:math/0601185
46. N Kitchloo, The stable symplectic category and quantization arXiv:1204.5720
47. ——, J Morava, The Grothendieck–Teichmller group and the stable symplectic cate-
gory, arXiv:1212.6905
48. M Kontsevich, Operads and motives in deformation quantization, Lett. Math. Phys.
48 (35 – 72) 1999, arXiv:math/9904055
49. ——, Notes on motives in finite characteristic, in Algebra, arithmetic, and geom-
etry: in honor of Yu. I. Manin II, 213 247, Progr. Math., 270, Birkha¨user (2009),
arXiv:math/0702206
50. JL Loday, On the algebra of quasi-shuffles, Manuscripta Math. 123 (2007) 79 - 93
51. DM Lu, J Palmieri, QS Wu, JJ Zhang, Koszul equivalences in A∞-algebra, New York
J. Math. 14 (2008) 325 378, arXiv:0710.5492
52. J Lurie, Moduli problems for ring spectra (ICM Address), available at
www.math.harvard.edu/ ∼ Lurie/papers/moduli.pdf
53. —–, Higher Algebra, available at
www.math.harvard.edu/ ∼ Lurie/papers/higheralgebra.pdf
54. IG Macdonald, Symmetric functions and Hall polynomials, 2nd ed. Oxford
(1995)
55. S MacLane, Homology, Springer Grundlehren 114 (1963)
56. I Madsen, J Milgram, The classifying spaces for surgery and cobordism of
manifolds. Ann. Maths Studies 92, Princeton (1979)
57. —–, C Schlichtkrull, The circle transfer and K-theory, in Geometry and topology:
Aarhus (1998) 307 - 328, Contemp. Math 258, AMS
58. Y Manin, Remarks on Koszul algebras and quantum groups, Ann. Inst. Fourier
(Grenoble) 37 (1987) 191 – 205
59. J McCleary, A user’s guide to spectral sequences, Cambridge Studies in Ad-
vanced Mathematics 58 (2001) [§7.4]
60. J Moore, Differential homological algebra, Actes. Congre´s intern. math. (1970) I 335
- 339
61. J Morava, The motivic Thom isomorphism, in Elliptic cohomology 265285, LMS
Lecture Notes 342, CUP (2007), arXiv:math/0306151
62. ——, Geometric Tate-Swan cohomology of equivariant spectra, arXiv:1210.4086
63. J Rognes, The Hatcher-Waldhausen map is a spectrum map, Math. Ann. 299 (1994)
529 - 549
64. —–, Galois extensions of structured ring spectra, Mem. AMS 192 (2008), no.
898, arXiv:math/0502183
65. L Smith, RE Stong, Exotic cobordism theories associated with classical groups, J.
Math. Mech. 17 (1968) 1087 - 1102
66. G Tabuada, Voevodsky’s mixed motives versus Kontsevich’s noncommutative mixed
motives, arXiv:1402.4438
20 JACK MORAVA
67. J Tate, Homology of Noetherian rings and local rings, Illinois J. Math. 1 (1957) 14 -
27
68. B Vallette, Manin products, Koszul duality, Loday algebras and Deligne conjecture.
J. Reine Angew. Math. 620 (2008) 105 - 164, arXiv:math/0609002
69. F Waldhausen, Algebraic K-theory of topological spaces, Part 1 3560, in Proc. Sym-
pos. Pure Math. XXXII AMS (1978)
70. ——, Algebraic K-theory of spaces, concordance, and stable homotopy theory, in
Algebraic topology and algebraic K-theory 392 - 417, Ann. of Math. Studies
113, Princeton (1987)
71. ——, B Jahren, J Rognes, Spaces of PL manifolds and categories of simple
maps, Ann. Maths. Studies 186 (2013)
72. M Weiss, B Williams, Automorphisms of manifolds, in Surveys on surgery theory
Vol. 2, 165 – 220, Ann. of Math. Stud. 149, Princeton (2001)
73. T Willwacher, M. Kontsevich’s graph complex and the Grothendieck-Teichmueller Lie
algebra, arXiv:1009.1654
74. D Zagier, Evaluation of the multiple zeta values ζ(2, . . . , 2, 3, 2, . . . , 2), Ann. of Math.
175
The Johns Hopkins University, Baltimore, Maryland 21218
E-mail address: jack@math.jhu.edu
